Reliability improvement for electronics and mechanical systems is vital for engineers in order to design of these systems. For this reason, there are many researches in this scope to help engineers in real world applications. One of the useful methods in reliability optimization is redundancy allocation problem (RAP). In the most previous works, the failure rates of system components are considered to be constant based on negative exponential distribution; whereas, nearly all systems in real world have components with time-dependent failure rates; i.e., the failure rates of system components will be changed time by time. In this paper, we have worked on a RAP for a system under k-out-of-n subsystems with time-dependent components failure rates based on Weibull distribution. Also, the redundancy policy of the proposed system is considered as mixed strategy and the optimization method was based on the simulation technique to obtain reliability function as implicit function. Finally, a branch and bound algorithm has been used to solve the model, exactly.
Introduction
Reliability improvement is one of the most effective strategies in order to improve the quality level of electronic and mechanical systems. To this purpose, a common and useful method is RAP. The aim of this problem is to increase the redundant components in the system under some constraints like weight, volume, cost and etc., while the system reliability is increased. So, several studies have been carried out in this area. Fyffe et al. [1] proposed a mathematical model for RAP as first research in this scope and they used dynamic programming to solve the model. Then, Nakagawa and Miyazaki [2] modified model presented in [1] via considering the upper limit of system weight between 159 and 191. They showed that using a surrogate constraints algorithm leads to solutions with higher reliability in comparison with dynamic programming through solving 33 problems.
One of the most effective factors in reliability evaluation is component failure rates. In the literature of RAP, the failure rates of components are considered as follow: When components failure rates are constant, it is very easy to obtain the reliability function via statistical and mathematical relations. So, the most of researches in RAP use this assumption for system components. Misra and Sharma [3] considered a system as series-parallel under k-out-ofn configuration and they assumed that the system can work as an active policy. Also, a zero-one programming model was used to solve the model. Pham [4] solved RAP for a system with a single k-out-of-n subsystem and an active redundancy strategy that the objective function of their model was minimizing the system cost. Pham and Malon [5] extended Pham's model considering multi-failure modes for components. Moreover, since it is proven that RAP is in the class of Nphard problems [6] , using heuristics or meta-heuristic algorithms are essential to solve RAPs in large scale problems. For this reason, in many papers after 1992, the researchers have used approaches based on heuristics or meta-heuristic in order to solve RAP models. Ida et al. [7] used a Genetic algorithm (GA) in a simple form for the first time to solve RAP of series-parallel systems with multiple failure state components. Painton and Campbell [8] presented a seriesparallel RAP under risk and used GA to solve it. Coit and Liu [9] presented a series-parallel RAP with k-out-of-n subsystems. They considered both of active and cold-standby strategies as predefined for whole of subsystems at the start time of the process. Coit [10] proposed an optimal solution for RAP and solved the model through applying a zero-one integer programming. Moreover, the redundancy strategy is considered as an additional decision variable in RAPs for first time in [10] . Also, Tavakkoli-Moghaddam et al. [11] solved Coit (2003) model using GA with a new definition of chromosomes, crossovers and mutations. Also, there are many papers in RAP scope which used meta-heuristic methods like [12] [13] [14] [15] . Garg et al. [16] presented a bi-objective reliability redundancy allocation problem for series-parallel system where reliability of the system and the corresponding designing cost are considered as two different objectives. They converted developed fuzzy model to a crisp model to solve a problem.
Also they solved the script optimization problem with swarm optimization. Garg et al. [17] provided a methodology to solve the multi-objective reliability optimization model. In their study, the model parameters are considered as imprecise in terms of triangular interval data.
They converted the uncertain multi-objective optimization model to a deterministic one and used particle swarm optimization (PSO) and genetic algorithm (GA) to solve the model. A penalty guided based biogeography based optimization is used to solve the reliability redundancy allocation problems of series-parallel system under the various nonlinear resource constraints in [18] . Moreover, Garg [19] proposed a penalty based cuckoo search (CS) algorithm to get the optimal solution of reliability-redundancy allocation problems (RRAP) with nonlinear resource constraints.
Recently, a new redundancy strategy for reliability optimization problems which has a combination of active and standby strategies was presented by Ardakan and Hamadani [20] . In this strategy, each subsystem can have different levels of active and cold-standby redundancies, so that, some components could be active while others kept in standby mode. This strategy was called "mixed strategy" and leads to higher system reliability in comparison to systems with active or standby strategy, lonely. Moreover, Ardakan et (GRAP) in which a traditional RAP extended to a more realistic situation where the system under consideration has a generalized network structure. They also proposed a partitioning-based simulation optimization method to solve GRAP. But, in the real world problems, there are not many systems in which their components are CFR. So, it is more realistic that the failure rates for system components to be considered as time-dependent. Azimi et al [27] proposed a non-exponential redundancy allocation problem in series-parallel k-out-of-n systems with repairable components and used simulation technique to estimate the system reliability.
One of the most applied distributions in reliability theory to model the real world applications is Weibull distribution. This distribution is a good tool to formulate time-dependent failure rates due to its flexibility property to fit real world stochastic events. However, when the components failure rates considered as time-dependent events, it is impossible for researches to evaluate system reliability through Markov process and differential equations. Because, in this situation, the failure rates of components have not memoryless property. The simulation technique is a powerful tool to model the stochastic events with any kind of distribution functions. This is the main reason why this technique used in this research to model the objective function. However, using the simulation technique will not provide a closed form of the objective function, but the simulation model is replaced instead of the mathematical form of the objective function (implicit form).
Ardakan et al [28] proposed RAP considering time-dependent reliability for components. The reliability of components considered as a function of time in their paper, and the RAP is reformulated via introducing "mission design life" that defined as the integration of the system reliability function during the mission time.
In the case where the components failure rates are time-dependent, having an explicit function of the system reliability via mathematical and statistical relations is not possible. So, in these circumstances using the simulation technique is the only way to calculate the system reliability.
Pourkarim Guilani et al. [29] proposed a RAP for a system with increasing failure rates (IFR) based on the Weibull distribution. In their work, they used the simulation in order to estimate reliability function as implicit functions. The redundancy strategy for their proposed system was variable between active and cold-standby. A summary of literature review is provided in Table 1 .
Please insert Table 1 about here
In this paper, it is intended to model a RAP for a system with k-out-of-n subsystems and timedependent components failure rates based on a Weibull distribution. Moreover, the redundancy strategy for this system is mixed in accordance with [20] and a benchmark is provided to compare present paper to the current literature. The innovation of this research is that for first time, a RAP under k-out-of-n configuration is considered in which the components failure rates is time-dependent based on Weibull distribution and the redundancy strategy is mixed simultaneously. As regard many of electronic and mechanical devices failed based on hazard function of Weibull distribution during their lifetime, this research can leads to reliable results for managers and engineers.
The rest of paper is organized as described below. In Section 2, the parameters, the variables, and the model of the problem are presented. Section 3 deals with the simulation approach along with a brief description about the Weibull distribution. The solution methodology is provided in 
Problem definition
In this section, a RAP for a system as series-parallel with k-out-of-n subsystem which is demonstrated in Fig. 1 is studied, in which, mixed strategies can be chosen for each subsystem.
The basic assumptions of proposed problem are listed as follows. Figure 1  The components failure rates are time-dependent based on a Weibull distribution.
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 The redundancy strategy is mixed.
 Each subsystem is working as k-out-of-n.
 System components are non-repairable.
 The failed components will not damage whole of system.  All parameters for components including costs, weights and etc. are deterministic.
Notation of model
The variables and parameters used in the mathematical model are listed as follows. The optimization model of the redundancy allocation problem is as follows: 
Eq. (1) is the objective function of model which maximizes the system reliability. This function is obtained via the simulation replications as implicit for each subsystem based on several variables and parameters such as the number of available components, the number of components working in active and cold-standby modes, the type of selected components in subsystems, the mission time, and the error ( ) associated with estimating this function via the simulation technique. Finally, the reliability of system is obtained by multiplication of subsystem reliabilities. As previously mentioned, the components failure rates are time-dependent; so calculating the system reliability is not an easy task. Thus, a simulation model is used to estimation the objective function. Inequalities (2) and (3) are cost and weight constraints, respectively. Constraint (4) puts an upper bound on the number of components of the subsystems if the jth available component is placed in subsystem i. Relation (5) ensures that there will be one type of components in each subsystem. Also, Constraints (6)- (9) represent the conditions on model variables.
Simulation
In this section, a brief description of the Weibull distribution is provided. Then, the simulation steps are explained.
Weibull distribution
Weibull is one of the continuous probability distributions which have been widely used in modeling of system reliability. Time-dependent failure rates for system components can be modeled properly through this distribution. The hazard function of this distribution is 
In all of the above equations, B is the shape parameter and A is the scale parameter of Weibull distribution. In order to see further studies about Weibull distribution, [30, 31] are recommended.
Simulation implementation
As previously mentioned, the simulation has been always used to calculate reliability function of a subsystem with time-dependent components, explicitly. So, we estimate the reliability function for a subsystem via simulation and then the estimated function will be used for the whole system reliability. Since, the redundancy policy is considered as mixed one for a k-out-of-n system, then number components (n), minimum number of requirement component (k), number of active components () a n and number of cold-standby components () c n of each subsystem are needed during each iteration of the simulation process. Because these variables are dependent together, so in order to satisfying this dependency and creating feasible designs for simulation, two new auxiliary variables are defined as follow: k  and a n  which both of them are between 0 and 1.
We know that in a k-out-of-n system, the amount of k should be between 1 and n (1 ) kn  .
Also, k value is between 1 and n in all experiment levels; thus it can be derived from Eq. (14)  
According to Eq. (14), for different values of k  between 0 and 1, k could be between 1 and n.
Also we know that, in a k-out-of-n system, at least k components should be work, actively. So, in each subsystem, we will have: a k n n  . Therefore, for different values of a n  between 0 and 1, a n is between k and n through Eq. (15) .
Then, the number of cold-standby components in each subsystem is calculated as (14) and (15) the values of a n and k are obtained. Then, for each iteration the number of components that working as active are inserted in w and the number of components that reserved as cold-standby are inserted in st. Also, random numbers are generated based on
Weibull distribution with parameters A and B for the number of active components and are inserted in f. In the simulation process, (Tsys) is the life time of the given subsystem. In this process if Tsys>t, the given subsystem is working safely and there is no problem. But when Tsys<t, it means that the system needs to be investigated. Indeed, when Tsys<t, the system performance has a problem that must be eliminated. While, the subsystem life time (Tsys) is less than t and w is more than k, the minimum amount of f will be selected. This amount eliminates from f and adds to Tsys. Therefore, one of the active working objects is reduced. Now, one of the cold-stand components will be deleted from st and added to w. It means that, if there is at least one component as reserved, this component enters to the circuit. At the same time, a random number is generated based on Weibull distribution with A and B parameters and this number joins to existing values of set f.
This procedure continues until w<k and there are some cold-standby components marked as reserved. Also, if Tsys>t, it means that the subsystem working safety. At the end, the subsystem reliability is estimated as the number of running loop processes divided by the number of iterations ( num iter ).
Experiments of simulation
To estimate the objective function of the mathematical model presented in section 2, it is needed to create several experiments. For this purpose, a Box-Behnken design is performed in order to create different scenarios to estimate the reliability function in MINITAB 16 software. Here, six factors are considered in each scenario. The factor levels considered in the simulation experiments are demonstrated in Table 2 where most of them have been adopted from Pourkarim Table 3 . Also the estimated regression coefficients for reliability function of a subsystem are provided in Table 4 . In all designs, the 91.46% R sq  which shows that the results are reliable. 
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Therefore, Eq. (16) which has been resulted from the simulation replications is used as the objective function (reliability function) in mathematical model of the problem. The solution methodology will be presented in next section.
Solution methodology
The presented model in section 3 is an integer nonlinear programming model (INLP) and solving this problem via exact method is impossible [6] . But it is possible to transform the problem to an integer linear programming (ILP) based on [10] . Thus, we linearize the problem by taking the logarithm of the objective function to provide conditions to apply integer programming 
The new ILP is formed, finally:
  Since, the second model is linear and in the form of a standard zero-one integer programming, there are several algorithms to solve it, exactly. In this paper, we use a branch and bound (B&B)
-as an exact algorithm-to solve the proposed model based on [10] .
Of course, it is worth mentioning that in large scale problems where integer programming approaches are inefficient, using heuristics and meta-heuristic approaches are the best ways to reach the near optimum solutions.
Numerical example
In this section, a numerical example is presented to exhibit the verification of the proposed methodology. A system with 14 subsystems is considered in which the subsystems are connected serially to each other. The input parameters of the model are taken from [29] . The number of available types of components and the minimum requirement amount of components which have to be working in each subsystem are provided in Table 5 . Moreover, the two parameters of the Weibull distribution of the available components in each subsystem are demonstrated in Tables 6   and 7 . The cost and the weight of each component are presented in Tables 8 and 9 , respectively. Also, the switch reliability is 1. Table 5 about here   Please insert Table 6 about here   Please insert Table 7 about here   Please insert Table 8 about here   Please insert Table 9 about here
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In addition, the maximum cost for the system is 300 and the maximum system weight is 400, and the upper bound on the assigned number of components in each subsystem ( max i n ) is 5. In this system, the mixed strategy for each redundancy is used. The number of decision variables for the second model of this system is obtained from Eq. (20) .
Therefore, the total exact number of feasible and infeasible solutions is 2  .
The problem is coded in MATLAB10 and a Pentium IV computer with a core 2 CPU 2.4 GHz and 3GB RAM under Windows 7 operating system is used in order to run the program. After solving the problem using a B&B algorithm, the results are summarized in Table 10 .
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In this table, the first column presents the type of selective component; the second column indicates the number of selective component in each subsystem. The third and the fourth columns show the number of active and cold-standby components in each subsystem, respectively. Also, according to Table 10 , the system reliability is 0.4779. Also, a sensitivity analysis has been carried out in order to investigate the effect of number of components in each subsystem ( max i n ) on reliability function. For this purpose, 10 test problems are used to study the sensitivity analysis while keeping the other parameters stable and the results are listed in Table   11 and Fig. 4 . As results show, any increase in max i n , leads to increase system reliability; which shows a rational fact. Table 11 about here 
Please insert Figure 4 about here
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Conclusion and future researches
In many real-world systems, the components have not a constant failure rate. Indeed, the components failure rates are changed time by time. So, considering systems with time-dependent failure rates is more realistic. The Weibull probability distribution is one of the proper distributions to model the time-dependent failure rates. Due to its hazard function, it has an appropriate flexibility to model time-dependent failure rates and can be used in many real world systems. This suitable property of Weibull distribution can eliminate the limitation of previous research in which the component failure rates were considered as constant based on exponential distribution. In this research, we have worked on a RAP under k-out-of-n subsystems with timedependent failure rates based on this distribution. Moreover, we supposed that the redundancy strategy is mixed. Since, it is hard to obtain the reliability function of such systems, explicitly, a simulation-based optimization approach was developed to estimate the system reliability 
